In biomolecular communication networks, bacterial cells communicate with each other using a cell-to-cell communication mechanism mediated by diffusible signaling molecules. The dynamics of molecular concentrations in such systems are approximately modeled by reaction-diffusion equations. In this paper, we analyse the ability of cell-to-cell communication systems to attenuate impulsive disturbances with various spatial frequency profiles by computing the integrated squared concentration of molecules. In particular, we perform in-depth study of disturbance responses for an activator-repressor-diffuser biocircuit in the spatial frequency domain to characterize its spatial frequency gain.
Introduction
Bacterial cells implement a communication mechanism by secreting and sensing diffusible signaling molecules called autoinducer [1, 2] . The cell-to-cell communication mechanism, which is called quorum sensing allows bacteria to regulate gene expression at a population level and achieve coordinated behaviors. Examples of coordinated behaviors range from the formation of biofilm and the production of antibiotics to the regulation of bioluminescence [3] . Since these phenomena often cause significant impact in our daily life both in positive and negative ways [2] , it is important to understand the underlying mechanism of the cell-to-cell communication.
In synthetic biology, cell-to-cell communication has been actively utilized as a mechanism to implement feedback loops between cells. Specifically, synthetic biologists engineered biomolecular communication networks that enable multicellular computing [4, 5] , synchronization [6, 7, 8] and pattern formation [9, 10, 11, 12] . The importance of robust cell-to-cell communication has been particularly increasing in recent years to implement many steps of reactions that cannot be built in a single cell due to the short of cellular resource.
To enable robust engineering of multicellular biocircuits and better understand the underlying mechanism, this paper presents an approach to quantitatively analysing the effect of disturbance, or noise, on cell-to-cell communication based on a reaction-diffusion model of molecular communication system. Specifically, we compute the total pseudo-energy of the disturbance that propagates in the cell-to-cell communication system based on the H 2 norm computation method for linear time-invariant (LTI) system [13] . Our analysis allows facile characterization of the bandwidth of the noise frequency that a given cellto-cell communication attenuates/amplifies. Thus, it becomes a useful guidance for the robust design of biomolecular communication networks. We apply the proposed approach to the activator-repressor-diffuser biomolecular circuit [14] to find a circuit configuration that filters global disturbance to the system and discuss a feasible implementation of such biomolecular circuit.
The organization of this paper is as follows. In Section 2, we introduce a model of biomolecular communication network. In Section 3, we present an algebraic equation to compute the spatial frequency response. Section 4 analyses the disturbance response of a synthetic biomolecular communication network, and discusses the analysis result in the context of synthetic biology. Finally, Section 5 concludes this paper.
Model of Biomolecular Communication Networks
We consider molecular communication networks consisting of n molecular species in one dimensional space Ω := [0, L] for notational simplicity. We assume that a large number of cells communicate as illustrated in Figure 1 , and cells produce transmitter molecules that diffuse in the spatial domain. Let x i (t, ξ) denote the concentration of the i-th molecule at position ξ ∈ Ω and at time t, and define x(t, ξ) := [x 1 (t, ξ), x 2 (t, ξ), · · · , x n (t, ξ)] T . The dynamics of the concentrations of molecular species are formulated by
where f (·) is a function representing the rate of production and degradation of the molecules [14] . D is a diagonal matrix of diffusion constants. Note that, in practice, biomolecular systems use a single diffusible molecules, thus D has a single non-zero diagonal entry. In what follows, we assume the Neuman boundary condition as follows.
Letx ∈ R n 0+ denote a spatially homogeneous equilibrium state of a single cell. The local dynamics aroundx are modeled by the following linearized model of (1) .
where A ∈ R n×n is the Jacobian of f (·) atx, andx(t, ξ) is defined byx(t, ξ) := x(t, ξ)−x. Note that the system (3) is an infinite dimensional linear time-invariant system. 
Disturbance response analysis in spatial frequency domain
In this section, we first define a norm of disturbance response of molecular communication network. We then show that the reaction-diffusion system (1) can be decomposed into subsystems describing the dynamics of spatial modes. This decomposition facilitates the spatial frequency domain characterization of the disturbance response.
We consider to analyse disturbance response of molecular communication networks against impulsive perturbation. More specifically, we consider impulse perturbation
with Dirac delta function δ(t) and compute the L 2 norm
wherex qi (t, ξ) is the i-th molecular concentration when the profile of the perturbation is given by, ∆ q (t), which is a sinusoid with spatial frequency q.
It should be noted that E qi is the integral of the squared concentration, which can be considered as a total pseudo-energy of x i (t, ξ) when the cell-to-cell communication system undergoes spatially periodic perturbation ∆ q (t). Since
2E qi /L gives the gain of the energy for the impulsive perturbation with spatial frequency q. The gain provides a quantitative measure of disturbance attenuation/amplification by a molecular communication network.
In what follows, we show that the infinite dimensional system (3) can be decomposed into finite dimensional subsystems that account for the dynamics of individual spatial modes. Using the decomposed system, we characterize the integrated squared concentration E qi .
Fourier series expansion of the molecular concentrationsx(t, ξ) can be expressed as
where q = kπ/L (k = · · · − 1, 0, 1, · · · ). We define the harmonic component of the spatial
It should be noticed that the i-th entry ofx q (t, ξ) isx qi (t, ξ) defined in Eq. (5). Substituting Eq. (7) into Eq. (3) and extracting the harmonic componentx q (t, ξ), the dynamics of molecular concentrationx q (t, ξ) are obtained as
Eq. (9) implies that the temporal dynamics of each spatial harmonic component are modeled by a finite order ordinary differential equation (ODE). Thus, we can compute the squared concentration E qi by analysing the solution to the ODE (9).
Theorem 1.
Consider the reaction-diffusion system (3) and assume A − q 2 D is Hurwitz. The i-th diagonal entry of P q that satisfies
is E qi , where we define e ∈ R n as a vector that consists of 0 and 1. The ith entry of e is 1 when the impulse perturbation is input into the i-th molecule.
Theorem 1 is based on the well-known Lyapunov equation for H 2 norm computation in control engineering [13] . Since Eq. (10) is linear in the variable P q , the squared integral E qi defined in (5) can be efficiently computed without simulating the LTI system (9).
Disturbance Response of Activator-Repressor-Diffuser System
In this section, we use Theorem 1 to analyse the disturbance response of a synthetic biomolecular communication network called activator-repressor-diffuser system proposed in [14] . We then interpret the analysis result in the context of synthetic biology. 
Spatial Frequency Response Analysis
We consider activator-repressor-diffuser system [14] in Figure 2 , where the three molecules, activator, repressor and diffuser, form a reaction network in each cell, and cells communicate with each other by exchanging the diffuser molecule. The dynamics of the system are modeled by
where x 1 , x 2 and x 3 are the concentrations of activator, repressor and diffuser, respectively. δ i and γ i are the degradation rate and the production rate of the i-th molecule, respectively, and K i is the Michaelis Menten constant, and µ is the diffusion constant. We assume that the impulse perturbation is input into all molecules in the cells. e is thus obtained as e := [1, 1, 1] T . To analyse the spatial frequency response of the activator-repressordiffuser system to the impulse perturbation, we numerically solve the Lyapunov equation (10) for different spatial frequency q using the parameter sets shown in Table 1 , where the degradation rate δ 1 is varied between 0.001 min −1 and 0.05 min −1 . These parameter values are consistent with widely used parameters for numerical simulations of biomolecular reactions in E. coli [14] . We set the diffusion coefficient as µ = 8.6 × 10 −8 mm 2 min −1 , which is consistent with literature values [15] . The length of the reaction domain is set L = 3.0 mm. Figure 3 illustrates the computation result of the integrated squared concentration E q1 . Figure 3 : Integrated squared concentration of x q1 for different degradation rate δ 1 and q/2π. The colormap is normalized with the maximum value of E q1 set to 1.
The figure shows two types of response characteristics for q/2π ≤ 150 mm −1 . Specifically, the value of E qi is larger between q/2π ≤ 150 mm −1 than the other frequency range when δ 1 = 0.02 min −1 , while it is smaller when δ 1 = 0.04 min −1 . This implies that the disturbance response of the activator-repressor-diffuser system shows qualitatively different behavior, i.e., amplification or attenuation, depending on the degradation rate of the activator molecule.
Interpretation and discussion
In what follows, we perform in-depth study of the computation result in Figure 3 to elucidate the effect of cell-to-cell communication on the disturbance response. Based on this analysis, we discuss feasible design of biomolecular communication networks that can attenuate the effect of disturbance. Figure 4 is the value of E q1 when there is no cell-to-cell communication, which we can calculate from Eq. (10) with D = 0. Figure 4 clearly illustrates that cell-to-cell communication affects the disturbance response of molecular communication network systems.
Recall that E q1 is the index showing how much the perturbation ∆(t) excites x q (t, ξ). Figure 4 (A) shows that cell-to-cell communication amplifies the disturbance of x 1 when δ 1 = 0.02 min −1 , while Figure 4 (B) shows that the communication attenuates the disturbance when the bandwidth of the disturbance is q/2π ≤ 150 mm −1 . To interpret this result, we compare the bandwidth with the size of E. coli cells, which is around 1.0 µm. The reciprocal of q/2π ≤ 150 mm −1 leads to the spatial wave length of the disturbance as 2π/q ≥ 6.66 µm, which is about the size of seven cells. This means that the cell-to-cell communication of the activator-repressor-diffuser system attenuates the disturbance that globally affects the gene expression at the population level, but it amplifies single-cell-level disturbance.
The parameter δ 1 accounts for the lifetime of the protein, which is determined by both degradation and the division of a cell. From a design point of view, tuning of the rate parameter δ 1 is possible by adding a degradation tag to the protein for active degradation, or changing the growth condition such as cell culture medium to moderate the division rate. The generation time of E. coli is normally around 20 minutes in LB medium, but it can be controlled from 20 to 80 minutes by changing the culture medium [16, 17, 18] . The degradation rate δ 1 = 0.04 min −1 is about 20 minutes of half-life. This implies that δ 1 = 0.04 min −1 is a feasible parameter that we can tune by growing the cells in LB medium.
Conclusion
We have analysed the disturbance response of cell-to-cell communication systems based on the reaction-diffusion model with a single diffuser. We have first shown that the infinite dimensional system can be decomposed into finite dimensional subsystems that account for the dynamics of spatial modes. We have then introduced an approach to analysing the pseudo-energy that propagates in the system when a unit impulse perturbation is applied. Applying the proposed approach to the activator-repressor-diffuser system, we have characterized the reaction parameters with which a broad spatial bandwidth of noise can be attenuated. Finally, we have verified based on the existing literatures that such parameter values are feasible in wet-lab implementation.
